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Answer all questions.

Q1. (10 marks) Let E be a non-compact subset of Rn. Prove that there exists an unbounded

continuous function f : E → R.

Q2. (10 marks) Let U be an open subset of R2 and f : U → R. Show that D12f = D21f on

U if D12f and D21f are continuous functions on U .

Q3. (20 marks) Let T : Rn → Rn be a linear transformation. Prove that

v(T (U)) = |det T |v(U),

where U is a box in Rn and v is the volume function.

Q4. (20 marks) If f1(x, y, z) = xy+yz+xz and f2(x, y, z) = x+ ey sin z−1, prove that there

exists differentiable functions x(z) and y(z) in a neighborhood of z = 0 such that x(0) = 1

and y(0) = 0 and

f1(x(z), y(z), z) = 0 = f2(x(z), y(z), z).

Compute x′(0) and y′(0).

Q5. (20 marks) Let ∥ · ∥2 be the Euclidean norm on Rn (that is, ∥x∥2 = ∥(x1, . . . , xn)∥2 =

(
∑n

i=1 x
2
i )

1
2 ) and ∥ · ∥ be any other norm. Prove that there exists constants α, β > 0 such that

α∥x∥2 ≤ ∥x∥ ≤ β∥x∥2.

Q6. (10 marks) Let f : Rn → R be a C2 map and A = (aij)n×n be an orthogonal matrix

(that is, AAt = I). Prove that (▽2f)(Ax) = (▽2(fA))(x) for all x ∈ Rn.

[Note: For a C2 map f , ▽2f =
∑n

i=1Diif is called the Laplacian of f .]

Q7. (10 marks) Let T : Rn → R be a linear map. Prove that there exists a unique y ∈ Rn

such that

T (x) = x · y (∀x ∈ Rn)

and ∥T∥ = ∥y∥.
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