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Answer all questions.

Q1. (10 marks) Let E be a non-compact subset of R”. Prove that there exists an unbounded

continuous function f : £ — R.

. marks) Let e an open subset o an U = R ow that Diof = Do f on
Q2. (10 ks) Let U b bset of R? and f : U — R. Sh hat Diof = Doy f

U if Diof and Doy f are continuous functions on U.

Q3. (20 marks) Let T : R™ — R™ be a linear transformation. Prove that
v(T(U)) = [det T|u(U),

where U is a box in R™ and v is the volume function.

Q4. (20 marks) If fi(z,y,z) = xy+yz+xz and fo(x,y,z) = z+e¥sinz —1, prove that there
exists differentiable functions z(z) and y(z) in a neighborhood of z = 0 such that z(0) = 1
and y(0) = 0 and

fi(z(2),y(2), 2) = 0 = fa(z(2),y(2), 2).
Compute z/(0) and 3/(0).

Q5. (20 marks) Let || - ||2 be the Euclidean norm on R™ (that is, ||x]2 = |[(x1,...,2z)|2 =
(32", 22)2) and || -|| be any other norm. Prove that there exists constants v, 5 > 0 such that

=11

allzlls < flz] < Bzl

Q6. (10 marks) Let f : R® — R be a C* map and A = (a;j)nx, be an orthogonal matrix
(that is, AA" = I). Prove that (V2f)(Az) = (V*(fA))(x) for all z € R™.
[Note: For a C? map f, V2f = i, D;f is called the Laplacian of f]

Q7. (10 marks) Let T : R" — R be a linear map. Prove that there exists a unique y € R”
such that

Tx)=z-y (Vo € R")
and [|T]] = [[y]|



